Abstract-This paper introduces a new method for the development of closed-form spatial Green's functions for electrostatic problems involving layered dielectrics. The new method utilizes a finite-difference approximation of the spectral domain form of the Green's function to overcome the tedious numerical integration of the Fourier-Bessel inverse transform that is required to generate the Green's function in the space domain. Through a special representation of the finite-difference form of the spectral Green's function, the Fourier-Bessel transforms can be obtained in closed form in terms of modified Bessel functions of zeroth order. Numerical examples from the calculation of the capacitance matrix of multi-conductor systems in layered dielectrics are used to demonstrate the validity of the generated closed-form Green's functions and their computer implementation.
I. INTRODUCTION
A CCURATE and expedient prediction of electrical performance of high-speed interconnects is critically dependent on fast and accurate prediction of capacitance and inductance matrices of three-dimensional interconnect structures in the presence of layered dielectric substrates. For capacitance extraction, fast integral equation solvers are typically used to accommodate the large size of the resulting matrix approximation to the electrostatic boundary value problem described by the familiar Poisson's integral for the electric charge density on the conductors. For the case of layered substrates, commonly used techniques utilize one of two types of Green's functions. The first one, uses as kernel of the integral equation the free-space Green's function [1] , in which case, polarization charges on the dielectric interfaces need be introduced as unknowns. Thus, while the Green's function is simple, the number of unknowns involved in the discrete problem is large. The second one utilizes a spatial Green's function [2] that is consistent with the boundary conditions at the dielectric interfaces. Thus, the only polarization charges required as additional unknowns are those at any finite dielectric boundaries present. Clearly, the number of unknowns in this latter case is reduced significantly. In order for this approach to be computationally efficient, the required Green's functions for Poisson's equation in a multi-layered substrate should be available in easy to calculate forms. Even though closed-form expressions in terms of an infinite series are available for the cases of single-layer microstrip and stripline configurations, the calculation of spatial Green's functions for multi-layered substrates requires the computationally tedious calculation of Fourier-Bessel transforms. Several ways of facilitating the calculation of such integrals through the use of approximate closed-form expressions have been presented over the years (see [2] , [3] for a review of these methods).
In this paper, a new methodology is proposed for the development of closed-form expressions for the electrostatic Green's function. The methodology is robust and general, and leads to the desired closed-form Green's functions in a very systematic and direct manner.
II. CLOSED-FORM GREEN'S FUNCTION
For the purposes of this paper, the multi-layered dielectric medium is assumed to have a dielectric permittivity that varies in the direction, perpendicular to the layered structure, while it remains independent of and . Thus, for a point charge on the axis, cylindrical symmetry exists, and the governing Green's function equation is of the form,
Using the Fourier-Bessel transform pair [5] (2) (3) the spectral-domain form of (1) is given by:
A finite difference approximation of (4) is used for its solution. For this purpose, a uniform grid with element size is used to discretize the domain of interest . In this paper, the layered structures are assumed bounded above and below by perfectly conducting planes separated by a distance . However, the proposed methodology is also applicable for open structures as demonstrated in [4] . Making sure that planar interfaces between different dielectric layers coincide with finite-difference grid nodes, a standard second-order accurate finite difference 0018-9464/01$10.00 © 2001 IEEE approximation of (4), with proper electric flux continuity constraints imposed at interfaces and the source grid point, leads to the following discrete problem in matrix form (5) The matrix is a tri-diagonal matrix of dimension , where is the number of interior grid points (the potential is set to zero at the top and bottom conducting planes). The matrix is the identity matrix, is the vector of the values of the Green's function at the nodes, and the vector is the forcing vector. In (5) , all information about the dielectric properties of the media is included in and .
Since the objective is to generate the Green's function in a form appropriate for direct implementation in the method-of-moments solution of the electrostatic integral equation, a multiple-input, multiple-output formulation of the discrete problem in (5) is desired. More specifically, in the spectral domain form of the boundary value problem for the Green's function, what is of interest is the calculation of the Green's function for all pairs of planes where unknown electric charges are present. Let be this number of planes (and, hence, grid points in the finite difference problem). Then in (5) the forcing vector is replaced by forcing vectors that can be written in matrix form as the matrix-vector product , where is of dimension , and is of length . The vector includes the source values, while all elements in are zero except for elements of value 1, one in each column. For example in column , associated with source point , it is the element in row , corresponding to the grid node number that coincides with the source plane that is of value 1. Furthermore, multiplication of the transpose of with the solution of (5) for the multi-input case, leads directly to the spectral domain Green's function matrix of dimension , (6) The matrix contains all Green's function expressions needed for the subsequent formulation of the method-ofmoments approximation of the electrostatic boundary value problem. However, these functions need to be transformed to their spatial domain form before they can be used.
First an eigendecomposition of is performed, . For the electrostatic problem, all eigenvalues are negative real numbers. Use of this decomposition in (6) allows us to cast in the following form,
where it is , , and , the identity matrix of dimension . Each element of is a function of , and has the form (8) where (9) In (8) are the eigenvalues of . Since they are all real negative numbers, we write . The spatial-domain form of (8) is obtained through the inverse Fourier-Bessel transform of each term in the finite sum. Let denote the relevant integral for the th term in the sum in (8) . Using well-known properties of Bessel and Hankel functions, the integral may be cast in the form [5] Cauchy's residue theorem can be used for the calculation of this integral. The closed contour used involves the real axis of the complex plane and the half circle at infinity in the lower half of the plane. Since the integrand goes to zero as , the integral is obtained in terms of the contribution of the pole on the negative imaginary axis, where is the modified Bessel function of order 0. Using this result in (8) leads to the following expression for the Green's function in space domain,
It is noted that the constants and contain all material information for the multi-layered structure. Even though the derivation of the closed-form expression in (10) was based on the assumption that the location of the source is on the axis, the general expression is obtained immediately from (10) by replacing with the distance on the plane between the source and observation points of interest.
From (10) it is seen that the number of terms in the closed-form expression of the spatial Green's function is equal to the number of the grid points in the finite difference grid. However, a large number of these terms are contributed by eigenvalues corresponding to spectral lengths that are poorly resolved by the finite difference grid. The contribution of these eigenvalues to the Green's function value is negligible. Thus, a way to reduce the number of terms in the finite sum of (10) through the systematic elimination of the eigenvalues with negligible contribution is both meaningful and desirable. This is effected through the implementation of a model order reduction algorithm for the eigenvalue problem of (5). More specifically, the model order reduction algorithm of [6] is used to reduce the order (i.e., the number of eigenvalues kept) of the terms in the Green's transfer function matrix from to a much smaller value . Once the residues and poles of the reduced order system have been obtained, each of the elements of spatial Green's function matrix assumes the form (11) where denotes the new response, , , are the new eigenvalues in the reduced system, and , , are the new coefficients in the finite sum. Through a series of numerical experiments it was found that very good accuracy is achieved using only 10-20% of the eigenvalues.
III. IMPLEMENTATION IN A CAPACITANCE EXTRACTOR
In this section we focus on some numerical issues that arise when the proposed closed-form expressions for the electrostatic Green's function in layered substrates are implemented in a method-of-moments (MoM) code for the extraction of the capacitance matrix for a three-dimensional configuration of conductors. The background medium is assumed to be a layered substrate. In addition to conducting volumes, finite dielectric volumes may be present also. As already mentioned, surface polarization charges on the surfaces enclosing the finite dielectric volumes are introduced as additional unknowns in the electrostatic boundary value problem. The discretization of the surfaces of the conducting and dielectric volumes identifies the coordinates for all points in the domain of interest for which Green's functions are required. This is the information used to develop the finite difference grid for the development of the spectral-domain form of the Green's function. This information, together with the dielectric properties of the layered substrate, is used to generate the closed-form expression of (10) for the elements of the spatial Green's function matrix.
From (10) it appears that a singularity in the Green's function is encountered not only when the source and observation points coincide [i.e., for the elements ], but also for any two points for which the distance on the plane [i.e., the quantity in (10)] is zero. However, this is not the case. More specifically, when , . Hence, (10) can be re-written as It was shown earlier that . Thus, , for . Consequently, there is no singularity present in the Green's function result when , as expected. Furthermore, when , ; thus the coefficient of is 1, and the anticipated singularity occurs. For the case of an MoM formulation using pulse functions as expansion functions and point matching for the testing, the logarithmic singularity can be integrated using the procedure suggested in [7] .
Whenever there exist finite, homogeneous dielectric volumes embedded in the layered substrate, surface polarization charges are introduced as additional unknowns on the volume surfaces [7] , [8] . The relevant boundary condition at the associated dielectric interfaces is the continuity of the normal component of the electric flux density. Enforcement of this boundary condition in a point-matching sense is used to generate the additional linear equations required in the MoM approximation. Let denote the outward/inward unit normal vector to the dielectric interface and denote the permittivity of the outer/inner dielectrics. Enforcement of the continuity of flux at the dielectric interface requires the determination of the electric field vector on either side of the interface. As shown in [8] , (12) where denotes the Cauchy principle value of the integral and denotes the dielectric constant of the medium in which the dielectric volume is embedded. Clearly, application of (12) requires the computation of derivatives of the generated closed-form Green's functions. More specifically, recognizing that for the case where the unit normal is parallel to the plane it is, in cylindrical coordinates, , the partial derivatives and are required for the implementation of (12).
From the closed-form Green's function development described in the previous section, it is obvious that is obtained numerically by means of a finite difference approximation, while is obtained analytically. Indeed, a differentiation of (11) yields, (13) When , . Hence, the above equation yields in the limit ,
As demonstrated before, when ; thus when . When , , which is the anticipated singularity.
IV. NUMERICAL RESULTS
In this section, the proposed closed-form Green's functions and their implementation in a three-dimensional capacitance extractor are validated.
The analytic result for the electrostatic Green's function for the homogeneously-filled space between two parallel conducting plates of infinite extent offers a convenient benchmark for the validation of the closed-form Green's functions. The specific case considered assumes air as the medium between the plates. The plate separation is 1 mm and the point charge is taken to be equidistant from the top and bottom plates. The analytic result for the Green's function is in terms of an infinite sum of the contributions of the point charge and its images with respect to the two conducting planes. The plane of observation is taken to be the source plane. It was found that the closed-form expression generated using a finite-difference grid with 200 nodes yields better than 0.01% accuracy in the calculation of the electrostatic potential due to the point charge. The resulting Green's function expression for such a grid involves a finite sum of 200 terms. However, use of the model order reduction process presented in the second section allows us to reduce this number to a much smaller value. In particular, a reduced model including only 10 terms yields as good accuracy as the 200-term model. Even though a coarser finite difference grid (e.g., a grid with 100 nodes) also yields accuracy better than 0.05%, our choice of a finer grid was dictated by the need to ensure the accuracy of the derivative of the Green's function with respect to . As mentioned in the previous section, this derivative is calculated numerically through a finite difference approximation. The calculated derivative of the closed-from Green's function using a 200-node grid and a second order-accurate difference approximation was found to be within 1% from the analytic one.
In order to validate the capacitance extractor, we examine a two-conductor configuration embedded in a three-layered substrate. The dielectric permittivities of the layers are 4.5, 3.9, and 2.9 from bottom to top, with thickness 2.0 mm, 3.0 mm, and 4.0 mm, respectively. Two conductors are embedded in the second layer and are symmetrically placed. Both are located between planes mm and mm (the lower ground plane is taken to coincide with the plane ). The planes and mm are perfect conductors. The cross sections of the two conductors are 1 mm 2 mm rectangles. The distance between them (along ) is 8 mm. The capacitance values obtained from the capacitance extract tool QP3D by Ansoft Corporation [9] are pF and pF. These results constitute the reference solution. Their comparison with the results obtained from the capacitance extractor that was based on the proposed closed-form Green's functions is summarized in Table I . Results for three different values of the finite-difference grid size are shown.
The number of unknowns in the MoM approximation is also indicated. Very good agreement is observed between the QP3D results and those obtained using the fine grid of mm.
V. CONCLUSIONS
This paper has presented a novel methodology for the development of closed-form spatial Green's functions for electrostatic problems in planar, layered dielectrics. The major difference between the new methodology and previous ones is the development of the spectral domain form of the Green's functions in terms of a finite-difference approximation rather than the analytic expressions that involve transcendental functions. It is the presence of these transcendental functions that prohibits the direct calculation of the inverse Fourier-Bessel transform integral needed to obtain the spatial-domain form of the Green's function. The finite-difference form of the spectral domain Green's function may be cast in terms of a partial fraction expansion in the spectral variable . Such a representation enables the direct calculation of the inverse Fourier-Bessel transform in closed form.
The new methodology provides for a systematic and robust generation of closed-form electrostatic Green's functions in substrates with any number of layers. Its application to the extraction of capacitance matrices for three-dimensional configurations of conductors has been validated through comparisons with results obtained from a commercial finite element solver. Even though the proposed methodology has been presented for the case of shielded layered substrates, its extension to unbounded layered media is possible as discussed in [4] .
